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Stueckelberg-Horwitz-Piron (SHP) Formalism

Covariant many-body canonical mechanics with parameterized evolution

Evolving 8D unconstrained phase space = scalar T # proper time

_dxt

(1), i (T) # =

Auv,...=0,1,23

Manifestly scalar Lagrangian

1 d oL  dL
= — vHyV — —_—— =
L 2Mgw(x)x X' —V(x) TToer " 3ar
Canonical momentum
oL ; . 1
Pu =g = Mgwd"  — = gMpy
Manifestly scalar Hamiltonian
1 dK oK
= i — = — nv vH = —_— 7 —_
K=xpy =L =578 pupv +V (x) T =op PP Taw
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Stueckelberg-Horwitz-Piron (SHP) Formalism

Free Particle in Curved Spacetime
Lagrangian

1
L= EMgW(x)foc” Au,v=0,1,23

Euler-Lagrange — geodesic equations

D

1
A A ol A A
=5 =%+ Iy, 2 Tw =738 P (9u8pv + Ov&py — Jp8un)

Hamiltonian K = total mass — unconstrained but conserved on geodesic

dK ., DxV

1
=axtp, — L = — oV
K= 0= b= om8 pubv Dt

Poisson bracket — total mass conserved for drgyy = 0

dK K 1 agh
KK+ 50 = amPrP Tar

dr =0
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Local Dynamical Metric g, (x, T)

General relativity standing on one foot (J. A. Wheeler):

Spacetime tells matter how to move; matter tells spacetime how to curve.

Particle in SHP formalism: worldline traced out by event evolving with T
Unconstrained trajectory  x*(t), %*(T)
Particle density  p(x,T)
Energy-momentum tensor  THY(x, T)
4D block universe M(T)

Scalar Hamiltonian K generates evolution M (1) — M(T +dT)

Matter evolving in T — curvature evolving in T
Generalize Einstein equations for g, (x, T)

Approach to field equations — study classical SHP electrodynamics
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SHP Offshell Electrodynamics

Make classical action locally gauge invariant
1. .. €. e s
Sfree — SsHP :/dT EMX”X;, + Ex"ay (x,7)+ Ex as (x,7)
_ 1o in, o €
= [dt EMX X+ P (x,7)

«,B8,v=0,1,23,5 ¥ = ¢5T in analogy to xV =t %% = constant
Ssup invariances

5D gauge invariance ay (x,T) — aq (x,T) + 0uA(x, T)

4D Lorentz invariance x*ay and as are O(3,1) scalars

Regard Sgyp as standard 5D action with symmetry breaking in matter term

1 1
Ssp = /dT SMit, + S¥%a, ——— Seup = [ dt ~Mi%, + Sx%,
2 C x5 =5 2 Cc
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Pose 5D Pseudo-spacetime M

Particle dynamics
1
Free particle Lagrangian L = EMg'Xﬁ(x' )2 %P
Unbroken (incorrect) 5D equations of motion
. s 1
X7 4+ FZ‘BX“X'B =0 rZﬁ = ng (3ag55 + aﬁgétx - aégﬁa)
Break 5D symmetry to O(3,1): require > = c5 non-dynamical (constant)
B4 ThgitaP =0 P =0
Field dynamics
5D gauge invariance of Ricci tensor R,5 — 5D Bianchi identity

Translation x'* = x* + A* (x,7) — V, (R“ﬁ - ;g“5R> =0

Construct description of matter satisfying VﬁT"‘ﬁ = 0 — field equations

Break 5D symmetry when equating field terms R, and matter terms T*h
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Matter in M5

Non-interacting dust (pressure = 0)
Particle mass density = p(x, T)
5-component event current = j* (x, T) = ¥*(7)p(x, T)

By geodesic equations

Vaj* = VaXP = 9,XF + X717,
Mass-energy-momentum tensor
MY — oxHxV
VT =0 T = px*xP — ! px, g
TS.B = C5]ﬁ
Unbroken 5D Einstein equations and trace-reversed form
1 1§
1 871G 871G 784p8”7
Rug — =9usR = ——T, — Ryg=—71(T, Ty
ap Zglx,B ! ap af A ( ap 1— %87‘5875 7’6

Break 5D symmetry to O(3,1) at geometry/matter interface
Replace g,5 — g,s such that g‘%g\w =4
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Structure of M

Events x; € M(71) and x; € M(17)
5D interval dX = X7 — Xp = (x1,¢571) — (X2,¢572)
Combines
Geometrical distance within M(T)
Dynamical distance between M (71) — M(T3)
Construct M5 as image of injective mapping
P:M — Ms=MxR X =d(x,T) = (x,c57)
Characterize 4D spacetime M as hypersurface embedded in M5
Borrow mathematical tools of 3+1 Arnowitt Deser Misner (ADM) formalism
Foliation of M5 to hypersurfaces M(T)

— §7(5
Vielbein frame for tangent space 7 (Ms5) } systematic
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QUiCk Overview of ADM (With Apologies to Theory of Embedded Surfaces)

341 decomposition of 4D spacetime
Time evolution vector 1, normal to 3D spacelike hypersurface ¥
Projection operator P, : 4D spacetime M — 3D space X
Induced 3D space metric on X: 7;; = P;;
Decomposition of geometrical objects and field equations
Projected covariant derivative D), and projected curvature RW)\P on X
Extrinsic curvature K, = projected gradient of time vector 1
4D curvature Ry;,p, — combinations of RMMP and Kyy
Decompose Ty, — Tjj, momentum p;, energy density E
Canonical formulation of GR — initial value problem for space metric

Lie derivatives along 1, — PDEs for 7;; and Kj; first order in o;

Hamiltonian from canonical conjugates Vij and 71j; = /Y (Kij — 'yin>
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Quintrad Frame for 5D Tangent Space

Coordinate frame
For tangent space 7 (M) basis vectors g, = 9y
For cotangent space 7* (Ms5) basis 1-forms g* = dX*
8" (8p) =8" 85 =13} 8u " 8 = 8up g' gl =g
Quintrad frame

Constant vectors e, for 7 (Ms) and 1-forms e? for T* (Ms)

e ey =1, e el =y dzep = 9,7 =0

Latin indices a,b,c,---=0,1,2,3,5 indicate reference to quintrad
Vielbein field relates quintrad to position-dependent coordinate frame
o

g« =E e, e; = e%,8q e"‘aEﬁ“ = (55

gt = ¢4 e” e’ = E,"g" eaaEah — 52
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Geometry in Quintrad

Transforming components
Vi = E e, Ve

V="Vigy = (V'E,") es = Ve, — P
Vi = e ES VY
Induced Metric
8ap = 8a " 8p = Ny Eo'E}’ g =gt - gf =y vl
Nap = €0 € = Sapeael 7" = el e’ = gPEES

Covariant derivative and curvature
VoV =0,V + w0, Vi —w  VE
Spin connection w,?, = —eﬁa (8,,(15;) + Eﬁbe'yal"f7

Compatibility V4E;% =0

d _ d d
RE., = 0qw, " — Opw, .

Curvature [V, V4] Ve =V, R?uh

d o d d
+wa Wy ¢ T Wy wWac
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Foliation

4+1 decomposition in coordinate frame

Scalar field S(X) = X°/c5 = T
Natural foliation defined by level surfaces Xy, = {X* | S(X) = 10}

Unit normal to X,

—_

Ny =0

! :S(X) =0 5 g“’gn,xnﬁ ===l

V185 Virsie

Coordinate frame for tangent space 7 (X,)

« N X" «
(gy) =0,P" = (E)xV) = (5]4 for T (X¢,) C T (Ms)
70

Fifth basis vector for 7 (Ms5)
Linear combination g5 = N¥g, + Nn (ADM parameterization)

NH# = shift and N = lapse (Lagrange multipliers)
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Foliation

Metric decomposition in coordinate frame

Designate 7, = guv = 8" 8
Evaluate
g5 = 885 = By~ (NV'gy + Nn) = N,
955 = 8585 = (N"gy + Nn) - (N¥gyy + Nn) = 7, NN 4 oN?

441 metric decomposition (ADM metric)

')'yi/ lel
glxﬂ: 2 v
Ny oN*+7,,N'N
W L NUNY g LN
w | TN TN
&= 1o 1
—UWN Uﬁ
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Foliation

441 decomposition in quintrad frame

Partition quintrad indices: a,b,c,d,=0,1,2,3,5 k,1,mmn,...=0,1,2,3
5-index in quintrad frame denoted 5

Quintrad: spacetime hypersurface spanned by {e;} and normal to es

5 2 2 55 _

Assign n = e5 i=ce N =fgs =0"=ny> =0

Frame transformations depend on Eyk, N, and N
g« = E e, = (5§E”kek + 6 (EykNF‘ek + Ne5)

1
eq = "80 = GE' gy + 0355 (~NVgy + gs)
Vielbein field

. k 5 k Dynamics in
= OWORE,S + 67 (E N#& + N5§) 4D spacetime
vierbeinkfield
— skgn ot 5 5 B
= S50l 5a5;NNV + 8,65 N ’
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Projection Onto Hypersurface

Projection operator P acts on vector as
VeT(Ms)—V, =P[V]eT(Z) CT (Ms)
Por = 1y — Olalty = 1], — 08362 P = 5% — 6457,
Pull-back and push-forward
ol = ohet, VI € T (M) = ot ,PIVE Vi = 8E oM € T (o)
Completeness relations
gt = Poar + 00355 4, =P + 585
On X1 hypersurface
Sup = Pap +0nang — pull-back 7, = 050} gap = Py

Simplification: compute using Pys and pull back to Xr
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SHP Field Equations

Quintrad frame
Decompose the mass-energy-momentum tensor
Ty = Ty (Pj}' + (m“/na) (Pé’/ + Unb/nb) = Sap — 20n,pp + Nanpk

Sap = Ty PY Pl py=-n"PI'T,, k=n"n" T,y

Trace-reversed form of 5D field equations

8nG l”] b /gt
R, =—"Z2|T,+_—27ab ,ddT aby — 5
ab ! ( ab 1_ %UCdUCdU c'd' T M ap

Break 5D symmetry: 17,, — 7, = 0%oL, — 7707, = 4

SHP field equations

8nG 1. =~ ~
Rep =—3 (Tab - 2’7ubT> T=7"Tp=n"Tq=1n"Sy =S
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SHP Field Equations

Coordinate frame

Transform unbroken #,, to unbroken local metric
Qup = E“”Eﬁbryab = 5;‘5§ Vo + 0205 Ny + 640Ny + 6,63 (NF Ny, + oN?)
Recovers 5D ADM metric

Transform broken 7, to broken local metric
§aﬁ = Ea‘zEﬁbﬁab = 8up — (55((5!530N2 = Qup — UNallg = Pa/;

SHP field equations

8tG 1 1.~ 8nG
Rep = =2 (Taﬁ - zpaﬁs) Rap = 5PapR = =7 Tap
R = P¥R,g

Preserves 5D gauge symmetry

0(3,1) covariant with scalar 5-index
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Decomposition of Curvature

Projected covariant derivative
b bii
(DX) gy, = P Pyt <o+ P (Vi Xy )

Compatible with metric (DP),. = P& PY'PS V Py =0

abc
Extrinsic curvature
Ky = — (Dn),, = =P PY'Vyny = P Viyn, = 0556}, w,%,
Projected curvature tensor
Expand [Dy, D] X = X4R%

/!

Gauss relation (P”;Pb;PCC,Pd;) Rcd’a’b’ = Rfiah —0 (KgK;,d — KgKad)
Codazzi relation ([P PY PS') 5 Yy = DyKac — Dakie

/ ! ! 1 ! / !
(PM,Pg ) nn? Ry, = —KiKey — 0 DyDaN + P BY ' Vo Ky
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Initial Value Problem in Coordinate Frame

Lie derivative
Along m=Nn=gs—N — Ly =Lg —LN
1
L:gsAucﬁ = 5;’87Aalg + Awaa&g + Aa/yalgég = 85Aaﬁ = EBTAM;

Evaluate Ly gup = Lm Pyp and pull back to M

1
EGT')/W = LN 7w — 2NKyy

Evaluate Ly Kyg using Gauss, 2-n projection and SHP field equations for R,g

1
9Ky = ~DuDyN + LnKyw
5

_ 87 G 1
+N {—URW + KKyy — 2KpKyp + 0~ (SW st) }

Gauss + Codazzi relations — Hamiltonian and momentum constraints

R—O(KZ—KHVK;w) :_82T7G(S+0K) DFK,P/[—D,,K: SZGPV
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Weak Gravitation

Linearization of SHP field equations
Perturbation of flat metric

2
Sup = naﬁ + haﬁ — a’ygaﬁ = a«yhaﬁ (h,x}g) ~0

Choose Lorenz gauge 0P (haﬁ - ;Waﬁh> =0

SHP field equation — | Ryp =~ —%avayhaﬁ = 87;74(; (Taﬁ - ;ﬁa/ﬁ)

Approximations for 4+1 decomposition

(Kuw)> = 0 NKpy = 0 LKy =0

1
aa-r’)’yv =~ a],,h51, + athH - ZK]H/ — ZK}JV - aﬂhSV + athV - 85’)/]41/

2(71“,5,,,

Satisfied automatically: K, = w, 5,( — Ky = O'FZV
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Weak Gravitation

Remaining 4+1 equations equivalent to wave equation

Evolution equation

1 8nG G 1

Equivalent to spacetime part of SHP field equations
8ntG 1
RVV = 764 <SVV — 211]/H/S>

Bianchi identity — Rs, components are non-dynamical constraints

Hamiltonian constraint

87TG 871G

R —— (S+0x) equivalent to Rss = C—T55

22

Momentum constraint

8nG 87G
H ~ . _
9, Ky — K ~ —a Py equivalent to  Rsy, = CTT5H
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4D Metric 7y, (x, T) on M

4+1 (ADM) decomposition of any 5D metric g,5(x, T)

8nv Ny,
8ap = )
Ny oN=+ guwNHNY
Broken-symmetry SHP metric
R 8w Ny
up = Pup = Gap — 02030 N? =
N, guwNFNY
Pull back to M 5
Y = 5?;51/ §a,5 = g}u/(x/ T)

Independent of non-dynamical lapse N and shift N,
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Example — Field Induced By Event

Event evolving on t-axis as X*(7) = (ct,0) = (c{(7),0)

Density p (x,7) = 6 (x) ¢ (t — (1))

Mass-energy-momentum tensor TH' = (58(55 mc?p (x,7) (% (7)
First-order solution to wave equation with 2Gm/c%r < 1

Y ding (<8, 30 B=1- 23" — (1)1

Transform to spherical coordinates (x%,7,6,¢)
2 270 L (32 2002 2 2p000
ds2 = —Bc2dt +§(dr + 126 + 12 sin? 0dg? )
{=¢=1 — ds* = Schwarzschild in isotropic coordinates

Yy = T-perturbed Schwarzschild metric m(t, ) =me(t—{(1))¢3(7)

Full solution for 1y, (x, T) requires T-evolution equations
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