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Background
Covariant canonical mechanics — Stueckelberg (1941), Horwitz and Piron (1970), Horwitz (1989)

8D unconstrained phase space
(

xµ(τ), ẋµ(τ)
)

ẋµ = dxµ/dτ

Coordinate-independent evolution parameter τ: [τ, xµ] = 0

Distinguish two aspects of time:

Chronological time τ determines monotonic ordering of events

Coordinate time x0 locates event on laboratory clock

E = Mẋ0 = M
dx0

dτ

Particle: ẋ0 > 0 Antiparticle: ẋ0 < 0

x(τ ) = (u0,u)τ x(τ ) = (−u0,u)τ

x
t

Upgrade nonrelativistic classical and quantum mechanics

Newtonian time t
+

Galilean symmetry

+

Gauge pµ → pµ + eAµ(x)


−→



Evolution parameter τ

+

Poincaré symmetry

+

Gauge
pµ → pµ + eaµ(x, τ)

ih̄∂τ → ih̄∂τ + ea5(x, τ)
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Background
Stueckelberg-Horwitz-Piron (SHP) electrodynamics

Dynamical U(1) gauge theory of spacetime events

Event xµ (τ) evolves under chronological time τ ∼ x5, µ, ν = 0, 1, 2, 3

xµ (τ) −→ a conserved 5D current ∂α jαϕ(x, τ) = 0, α, β, γ = 0, 1, 2, 3, 5

jα(x, τ) −→ 10 field strengths f αβ(x, τ) through pre-Maxwell equations

∂β f αβ (x, τ) = ejαϕ (x, τ) ∂α fβγ + ∂γ fαβ + ∂β fγα = 0

Fields act on events through Lorentz force

Mẍµ (τ) = e f µ
α(x, τ)ẋα (τ) = e

[
f µ

ν(x, τ)ẋν (τ) + f µ
5(x, τ)

]
Particles and fields can exchange mass through

d
dτ

(− 1
2 Mẋ2) = −Mẋµ ẍµ = e f5µ ẋµ
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Background
Mass-Energy-Momentum Tensor

Action

S =
∫

dτ
1
2

Mẋµ ẋµ +
∫

dτd4x
{

e
c2 jα(x, τ)aα(x, τ)−

∫ ds
λ

1
4c

[
f αβ(x, τ)Φ(τ − s) fαβ (x, s)

]}
Single particle current

jα(x, τ) = cẊα(τ)δ4 (x− X(τ)
)

Current ensemble

∂β f αβ(x, τ) =
e
c

∫
ds ϕ (τ − s) jα(x, s) =

e
c

jα
ϕ(x, s)

∫ dτ′

λ
ϕ
(
τ − τ′

)
Φ(τ′ − s) = δ (τ − s) ϕ(τ) = λ

∫ dκ

2π

e−iκτ

1 + (ξλκ)2 =
1

2ξ
e−|τ|/ξλ

Noether current

∂αTαβ
Φ = − e

c2 f βα jα Tαβ
Φ =

1
λc

[
f αγ
Φ f β

γ +
1
4

f δε
Φ fδεgαβ

]
Integrating with single particle current =⇒ total mass of particles and fields conserved

1
c5

d
dτ

∫
d4x Tα5

Φ =
e
c

f 5µ (X(τ), τ) Ẋµ(τ) −→ d
dτ

[
c5

c
1
2

Mẋ2 + g55
∫

d4x T55
Φ

]
= 0
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Background
4-Vector Form

3D Maxwell equations

∇ · E =
e
c

J0 = eρ ∇ · B = 0

∇× B− 1
c

∂

∂t
E =

e
c

J ∇× E +
1
c

∂

∂t
B = 0

4D pre-Maxwell equations

∂µ f 5µ =
e
c

j5ϕ =
ec5
c

ρϕ ∂µ fνρ + ∂ν fρµ + ∂ρ fµν = 0

∂ν f µν − 1
c5

∂

∂τ
f 5µ =

e
c

jµϕ ∂ν f5µ − ∂µ f5ν +
1
c5

∂

∂τ
fµν = 0

Wave equation and Green’s function(
∂µ∂µ + g55

1
c2

5

∂2

∂τ2

)
f αβ = ∂α jβ − ∂β jα

GP(x, τ) = − 1
2π

δ(x2)δ(τ)− c5

2π2
∂

∂x2 θ(−g55gαβxαxβ)
1√

−g55gαβxαxβ
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Background
Concatenation −→ on-shell Maxwell theory ∼ equilibrium limit

Equilibrium boundary conditions

ρϕ(x, τ) −−−−−−−→
τ→±∞

0 f 5µ(x, τ) −−−−−−−→
τ→±∞

0

Integration over worldline

∂ν f µν − 1
c5

∂

∂τ
f 5µ =

e
c

jµϕ

∂µ fνρ + ∂ν fρµ + ∂ρ fµν = 0

∂α jα = 0


−−−−−→∫ dτ

λ


∂νFµν (x) =

e
c

Jµ (x)

∂µFνρ + ∂νFρµ + ∂ρFµν = 0

∂µ Jµ(x) = 0
where

Aµ(x) =
∫ dτ

λ
aµ(x, τ) Fµν(x) =

∫ dτ

λ
f µν(x, τ) Jµ(x) =

∫ dτ

λ
jµ(x, τ)

Green’s function ∫
dτ GP(x, τ) = − 1

2π
δ(x2)
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Background
3-Vector Forms

3-vector and scalar components

(e)i = f 0i (b)i = εijk f jk (ε)i = f 5i ε0 = f 50

3D pre-Maxwell equations

∇ · e− 1
c5

∂

∂τ
ε0 =

e
c

j0ϕ = eρ0
ϕ ∇× e +

1
c

∂

∂t
b = 0 ∇ · ε +

1
c

∂

∂t
ε0 =

e
c

j5ϕ =
ec5

c
ρϕ

∇× b− 1
c

∂

∂t
e− 1

c5

∂

∂τ
ε =

e
c

jϕ ∇ · b = 0 ∇× ε− g55 1
c5

∂τb = 0

∇ε0 +
1
c

∂

∂t
ε + g55 1

c5

∂

∂τ
e = 0

Mass-Energy-Momentum Tensor

T55
Φ =

λ

2c

[
ε · εΦ − ε0ε0

Φ + g55 (e · eΦ − b · bΦ)
]

T5i
Φ =

λ

c

(
ε× bΦ + ε0eΦ

)i

T00
Φ =

λ

2c

[
e · eΦ + b · bΦ + g55

(
ε · εΦ + ε0ε0

Φ

)]
T0i

Φ =
λ

c

(
e× bΦ + g55ε0εΦ

)i

T50
Φ =

λ

c
e · εΦ
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Plane Waves
Sourceless Fields

Fourier Transform

f αβ(x, τ) =
1

(2π)5

∫
d5k eik·x f αβ(k) =

1
(2π)5

∫
d4k dκ ei(k·x−k0x0+g55c5κτ) f αβ(k, κ)

κ = k5 = g55k5

Sourceless pre-Maxwell equations

k · e− g55κε0 = 0 k · b = 0 k · ε− k0ε0 = 0

k× e− k0b = 0 k× b + k0e− g55κε = 0

k× ε− κb = 0 −κe + k0ε− kε0 = 0

Wave equation −→ 5D mass-shell constraint

kαkα = k2 − (k0)2 + g55κ2 = 0

Concatenation −→ κ = 0 −→ 4D mass-shell constraint

c5

∫
dτ f αβ(x, τ) =

1
(2π)4

∫
d4k ei(k·x−k0x0)

∫
dκ δ (κ) f αβ(k, κ)
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Plane Waves
Solution

Independent 3-vector polarizations: ε‖ and e⊥

e‖ = g55
κ

k0 ε‖ ε⊥ =
κ

k0 e⊥ ε0 =
1
k0 k · ε‖ b =

1
k0 k× e⊥

Components of Tαβ

Energy and mass density

T00 =
λ

c

[
e2
⊥ + g55ε2

‖
]

T55 =
κ2

k2
0

T00

Mass and energy flux — Poynting 3-vectors

T5i −→ T5 =
κk
k2

0
T00 T0i −→ T0 =

k
k0 T00

Mass — Poynting 4-vector

T5µ =
κkµ

k2
0

T00
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Uniformly Moving Charge
Maxwell Current

Rest frame
A (x) =

e
4πR

E (x) = −∇A =
e

4πR2 R̂ B (x) = ∇× A = 0

T00 =
1
2

(
E2 + B2

)
=

1
2

( e
4πR2

)2
T = E× B = 0

Uniform Motion

Charge moving as r = uτ = (γcτ, γβcτ, 0, 0) = γcτ t̂ + γβcτx̂

Observation point x = (0, a, b, 0) = ax̂ + bŷ

Field strengths

E = −eγ
ax̂ + bŷ

4π (a2γ2 + b2)
3/2 B = −eγβ

x̂× ŷ

4π (a2γ2 + b2)
3/2

Poynting vector

E× B =
(eγ)2 β

(4π)2 (a2γ2 + b2)
3 (bx̂− aŷ)

Enclose path in cylinder with area element dS = r (cos φŷ + sin φẑ) dφ da
Total energy flux∫

(E× B) · dS = −r
∫ 2π

0
cos φ dφ

∫ ∞

−∞
da

a (eγ)2 β

(4π)2 (a2γ2 + b2)
3 = 0
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Uniformly Moving Charge
pre-Maxwell Current

Potential in rest frame

Event X (τ) = (cτ, 0) X5 (τ) = c5τ

Current jϕ (x, τ) =
(

cδ3 (x) ϕ (t− τ) , 0
)

j5 (x, τ) =
c5
c

j5 (x, τ)

Potential a0(x, τ) =
e

4πR
ϕ (τ − τR) a(x, τ) = 0 a5(x, τ) =

c5
c

a0(x, τ)

Retarded time τR = t− R/c

Field strengths

e = −∇a0 =
e

4πR

(
ϕ

R
− ϕ′

c

)
R̂ ε = −∇a5 =

c5
c

e

b = 0 ε0 = g55
1
c5

∂

∂τ
a0 +

1
c

∂

∂t
a5 = − e

4πR

(
g55 −

c2
5

c2

)
ϕ′

c5

Handling singularities

ϕ(τ) = 1/ (2ξ) e−|τ|/ξλ −→ ϕ′(0) = 0

e · eΦ ∝
[
ϕ (τ − τr)− (R/c)ϕ′ (τ − τr)

] [
δ (τ − τr)− (R/c)δ′ (τ − τr)

]
= ϕ(0)δ(0)
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Uniformly Moving Charge
Components of Tαβ

Mass and energy density

∫
dx0 T55 = λ

(
c2

5
c2 + g55

)
1
2

(
e

4πR2

)2

∫
dx0 T00 = λ

(
1 +

c2
5

c2 g55

)
1
2

(
e

4πR2

)2

Mass and energy flux density into space direction

T5 = −λ

c

(
g55 −

c2
5

c2

)( e
4πR

)2 ϕ′(0)
Rc5

R̂ = 0 T0 = g55
c5
c

T5 = 0

Mass flux density into time direction

∫
dx0 T50 = λ

c5
c

(
e

4πR2

)2
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Simple Antenna in Maxwell Theory
Current and potential (cf: Jackson, ch. 9)

Oscillating current density

J (x, t) = J (x) eiωt ∇ · J + iωρ = 0
Vector potential

A (x, t) =
1

4π

∫
d3x′dt′

1
|x− x′| δ

(
t− t′ +

|x− x′|
c

)
J
(
x′
)

eiωt′

= eiωt 1
4π

∫
d3x′

e−ik|x−x′ |

|x− x′| J
(
x′
)
= A (x) eiωt , k =

ω

c
=

2π

λ

Far field approximation

x = rr̂ −→ R =
∣∣x− x′

∣∣ = (r2 +
(
x′
)2 − 2rr̂ · x′

)1/2
' r− r̂ · x′

Dipole approximation

e−ik|x−x′ | = e−ik(r−r̂·x′) ' e−ikr

A (x) =
e−ikr

4πr

∫
d3x′ J

(
x′
)
= − e−ikr

4πr

∫
d3x′ x′ ∇ · J = e−ikr

4πr

iωp = Idd̂

iω
∫

d3x′ x′ρ
(
x′
)
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Simple Antenna in Maxwell Theory
Fields and Poynting vector

Magnetic field

B = ∇×A =
Id
4π

(−ik)
e−ikr

r

(
1 +

1
ikr

)
r̂× d̂ −−−−−−−−−−→

1/kr ∼ λ/r → 0

ωk
4π

e−ikr

r
r̂× p̂

Electric field

E =
1

iω
∇× B =

1
4π

(
k2 e−ikr

r
(r̂× p)× r̂ + [3r̂ (r̂ · p)− p]

(
1
r3 +

ik
r2 e−ikr

))

E −−−−−−−→
1/r2 � 1/r

k2

4π

e−ikr

r
(r̂× p)× r̂ =

k
ω

B× r̂

Take d̂ = ẑ = cos θ n̂− sin θ θ̂

B =
ωk
4π

e−ikr

r
sin θ φ̂ E =

ωk
4π

e−ikr

r
sin θθ̂ E× B∗ =

(
k

4π

)2 (Id)2

r2 sin2 θ r̂

Radiated power

P =
1
2

∫
dΩ r2 r̂ ·

[(
k
ω

B× r̂
)
× B

]
=

1
2

∫ 2π

0
dφ
∫ π

0

(
ωk
4π
|p|
)2

sin3 θ =
k2(Id)2

12π

Martin Land (IARD 2018) Mass-Energy-Momentum Radiation in SHP June 2018 14 / 30



Simple Antenna in pre-Maxwell Theory
Pre-Maxwell current

Carry over approximation from Maxwell current J (x)

j0 (x, τ) =
[

J0
background (x) + J0 (x) eiωt

]
φ (τ − t)

j (x, τ) = J (x) eiωtφ (τ − t)

j5 (x, τ) =
c5
c

j0 (x, τ) =
c5
c

[
J0
background (x) + J0 (x) eiωt

]
φ (τ − t)

Relationship of t and τ

φ (τ) =
1

2σ
e−|τ|/σ φ (−τ) = φ (τ)

∫
dτ φ (τ) = 1 φ′ (τ) = − ε (τ)

σ
φ (τ)

Background density ρ0 insures positive charge and event densities

j0 (x, τ) =
[

J0
background (x) + J0 (x) eiωt

]
φ (τ − t) = c

[
ρ0 (x) + ρ (x) eiωt

]
φ (τ − t)

j5 (x, τ) =
c5
c

j0 (x, τ) = c5

[
ρ0 (x) + ρ (x) eiωt

]
φ (τ − t)
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Simple Antenna in pre-Maxwell Theory
Applying Maxwell approximation to pre-Maxwell current

Maxwell current for collection of oscillating charges: Xn (τ) =
(

ct (τ) , aneiωτ
)

J (x, t) = ∑
n

∫
dτ Ẋn (τ) δ4 (x− Xn (τ)) = ∑

n

∫
dτ iω aneiωτδ (ct− cτ) δ3

(
x− aneiωτ

)
=

[
∑
n

ik anδ3
(

x− aneiωt
)]

eiωt '
[

1
T

∫ T

0
dt ∑

n
ik anδ3

(
x− aneiωt

)]
J(x)

eiωt

Requirements for 5D pre-Maxwell current

j5 (x, τ) must be non-negative event density in spacetime

∂µ jµ +
1
c5

∂

∂τ
j5 −→ 1

c5

d
dτ

∫
d4x j5 =

∫
d4x ∂µ jµ = 0

j5 (x, τ) = Ẋ5 (τ) δ4 (x− X (τ)) = c5 δ4 (x− X (τ)) ≥ 0

j0 (x, τ) must be non-negative because j0 (x, τ) < 0 ⇒ ṫ < 0 ⇒ antiparticle

j0 (x, τ) = cṫ (τ) δ4 (x− X (τ))
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Simple Antenna in pre-Maxwell Theory
Current conservation

Conserved 5D current

∂β f αβ(x, τ) =
e
c

jα(x, τ) ⇒ ∂α jα(x, τ) = 0

Background density ρ0(x) independent of t and τ

1
c

∂

∂t
j0 +∇ · j + 1

c5

∂

∂τ
j5 = ρ (x)

∂

∂t

[(
eiωt

)
φ (τ − t)

]
+∇ · J (x) eiωtφ (τ − t)

+ ρ (x) eiωt ∂

∂τ
φ (τ − t)

= iωρ (x) eiωtφ (τ − t)− ρ (x) eiωtφ′ (τ − t)

+ ∇ · J (x) eiωtφ (τ − t) + ρ (x) eiωtφ′ (τ − t)

= [iωρ (x) +∇ · J (x)] eiωtφ (τ − t)

ρ (x) and J (x) related as in Maxwell theory

ρ (x) = − 1
iω
∇ · J (x) −→ e

c

∫
d3x J (x) = − e

c

∫
d3x x ∇ · J =

ikp = Idd̂

iω
c

∫
d3x xeρ (x)
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Simple Antenna in pre-Maxwell Theory
Total charge and current

Spacetime integral

Q (τ) =
e
c2

∫
d4x j0 (x, τ) =

e
c2

∫
d4x c

[
ρ0 (x) + ρ (x) eiωt

]
φ (τ − t)

=
∫

d3x ρ0 (x)
∫

dt φ (τ − t) + e
∫

d3x ρ (x)
∫

dt eiωtφ (τ − t)

Using

ϕ (τ − t) =
1

2σ
e−|τ−t|/σ =

∫ dω

2π
Φ (ω) eiω(τ−t)

∫
dτ ϕ (τ − t) = 1

Total charge = background + oscillating charge

Q (τ) = e
∫

d3x ρ0 (x) + e
∫

d3x ρ (x) Φ (ω) eiωτ = Q0 + Q Φ (ω) eiωτ

where
Φ (ω) =

1

1 + (σω)2 ρ (x) = − 1
iω
∇ · J (x)

Total current → oscillating dipole

eJ (τ) =
∫

d4x eJ (x) eiωtφ (τ − t) = cΦ (ω) eiωτ
∫

d3x eJ (x) = iωc Φ (ω) eiωτ p
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Simple Antenna in pre-Maxwell Theory
Induced potential

Using dominant term GMaxwell = − 1
2π δ(x2)δ(τ) in Green’s function

aα (x, τ) =
e
c

∫
d3x′

1
4π |x− x′| jα

(
c
(

t− |x− x′|
c

)
, x′, τ

)

a0 (x, τ) = e
∫

d3x′
ρ0 (x

′)
4π |x− x′|φ

(
τ − t +

|x− x′|
c

)

+e
∫

d3x′
ρ (x′)

4π |x− x′| e
iω
(

t− |x−x′ |
c

)
φ

(
τ − t +

|x− x′|
c

)

a (x, τ) =
e
c

∫
d3x′

J (x′)
4π |x− x′| e

iω
(

t− |x−x′ |
c

)
φ

(
τ − t +

|x− x′|
c

)
a5 (x, τ) =

c5

c
a0 (x, τ)
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Simple Antenna in pre-Maxwell Theory
Far field and dipole approximations

In far field

x = rr̂ −→
∣∣x− x′

∣∣ = √r2 + (x′)2 − 2rr̂ · x′ ' r− r̂ · x′

Dipole approximation — antenna small compared to oscillation wavelength∣∣kr̂ · x′
∣∣ < kd =

2πd
λ
� 1⇒ eikr̂·x′ ' 1

r− r̂ · x′
c

' r
c

(
1− r̂ · x̂′ d

r

)
' r

c

Potentials

a0 (x, τ)' e
4πr

φ
(

τ − t +
r
c

) ∫
d3x′ ρ0

(
x′
)

Q0

+
e

4πr
eiωte−ikrφ

(
τ − t +

r
c

) ∫
d3x′ ρ

(
x′
)

Q

=
Q0

4πr
+

Q
4πr

e−i(kr−ωt) φ
(

τ − t +
r
c

)

a (x, τ)' 1
4πr

e−ikreiωt e
c

∫
d3x′ J

(
x′
)

p

φ
(

τ − t +
r
c

)

= p
ik

4πr
e−i(kr−ωt) φ

(
τ − t +

r
c

)
a5 (x, τ) =

c5

c
a0 (x, τ)
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Simple Antenna in pre-Maxwell Theory
Field strengths

Using
φ′ (x) = − ε (x)

σ
φ (x)

1
kr
� 1 p =

1
ik

Idd̂

Defining

χ (x, τ) =
e−i(kr−ωt)

4πr
φ
(

τ − t +
r
c

)
Field strengths

b = ∇× a = b̂ χ b̂ = −ikId
(

1 +
ε

iωσ

)
r̂× d̂

e = −1
c

∂

∂t
a−∇a0 =

Q0

4πr2 r̂ + ê χ ê = ik
(

1 +
ε

iωσ

) (
Qr̂− Idd̂

)
ε = g55

1
c5

∂

∂τ
a− c5

c
∇a0 =

c5
c

Q0

4πr2 r̂ + ε̂ χ ε̂ = ik
[ c5

c

(
1 +

ε

iωσ

)
Qr̂

−g55
c
c5

ε

iωσ
Idd̂
]

ε0 = g55
1
c5

∂

∂τ
a0 − 1

c
∂

∂t
a5 = ε̂ 0χ ε̂ 0 = ik

[
c5
c

(
1 +

ε

iωσ

)
− g55

c
c5

ε

iωσ

]
Q
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Simple Antenna in pre-Maxwell Theory
Dimensionless parameters

Speeds of light

x0 = ct , x5 = c5τ −→ c5
c
� 1 = ratio of rates of change in τ and t

Time scales

eiωt , φ (τ) =
1

2σ
e−|τ|/σ −→ 1

ωσ
=

T
2πσ

=
antenna period

correlation time
� 1

Orientation of antenna

d̂ = ẑ −→ r̂ · d̂ = cos θ

Polarizations

ê ' ik (Qr̂− Idẑ) b̂ ' −ikId r̂× ẑ

ε̂ 0 ' ik
[

c5
c
− g55

c
c5

ε

iωσ

]
Q ε̂ ' ik

[
c5
c

Qr̂ − g55
c
c5

ε

iωσ
Idẑ
]
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Simple Antenna in pre-Maxwell Theory
Bilinear terms in mass-energy-momentum tensor

Common spacetime dependence

χ (x, τ) =
1

4πr
e−i(kr−ωt) φ

(
τ − t +

r
c

)
Bilinear field combinations

Tαβ =
1

λc

[
f αγ f β

γ +
1
4

f δε fδεgαβ

]
−→ Re

[
(Aα + i Bα) χ

]
× Re

[(
Cβ + i Dβ

)
χ
]

Designate

S (x, τ) = k2

(
φ
(
τ − t + r

c
)

4πr

)2

sin2 (kr−ωt)

C (x, τ) = k2

(
φ
(
τ − t + r

c
)

4πr

)2

cos2 (kr−ωt)

X (x, τ) = k2

(
φ
(
τ − t + r

c
)

4πr

)2

2 sin (kr−ωt) cos (kr−ωt)

S, C, X ∼ 1
r2

Finite surface
integrals at large r

Martin Land (IARD 2018) Mass-Energy-Momentum Radiation in SHP June 2018 23 / 30



Simple Antenna in pre-Maxwell Theory
Mass-energy-momentum tensor

T55 =
λ

2c

[
g55 (Q− Id cos θ)2 S (x, τ) +

(
c
c5

ε

ωσ

)2 (
(Id)2 −Q2

)
C (x, τ)

−g55
ε

ωσ
Q (Q− Id cos θ) X (x, τ)


T50 =

λ

c

[
Q

c5

c
(Q− Id cos θ) S (x, τ) + g55

c
c5

ε

ωσ
Id (Id−Q cos θ) X (x, τ)

]
T5 =

λ

c

[
g55

c
c5

ε

ωσ
Id [Q− Id cos θ] X (x, τ)

]
ẑ

+
λ

c

[
g55

c
c5

ε

ωσ

(
(Id)2 −Q2

)
X (x, τ) +

c5

c
Q (Q− Id (cos θ)) S (x, τ)

]
r̂

T00 =
λ

2c

[
(Q + Id cos θ)2 + 2 (Id)2

(
1− (cos θ)2

)
+ 2g55

( c5

c

)2
Q2
]

S (x, τ)

+
λ

2c

[(
c
c5

ε

ωσ

)2 [
(Id)2 + Q2

]
C (x, τ)− ε

ωσ
Q [Q + Id cos θ] X (x, τ)

]

T0 =
λ

c

[
Id (Q− Id cos θ) S (x, τ)− ε

ωσ
QId

(
X (x, τ) + g55

c
c5

C (x, τ)

)]
ẑ

+
λ

c

[[
Id (Id−Q cos θ) + g55

(
Q

c5

c

)2
]

S (x, τ)−Q2 ε

ωσ
X (x, τ)

]
r̂
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Simple Antenna in pre-Maxwell Theory
Correlation of t and τ

Time structure

φ (τ − t) =
1

2σ
e−|τ−t|/σ

Imposes correlation τ − t ∼ σ

Strong correlation lim
σ→0

φ (τ − t) = δ (τ − t) ⇒ t = τ

Weak correlation σ → large ⇒ t− τ ∼ evenly distributed

Potential under strong correlation

a (x, τ) =
e

2π

∫
d3x′dt′ δ

((
x− x′

)2 − c2 (t− t′
)2
)

J
(
x′
)

eiωt′ δ
(
τ − t′

)
=

e
4πc

eiωτ
∫

d3x′
1

|x− x′| δ

(
τ − t +

|x− x′|
c

)
J
(
x′
)

' e
4πrc

eiωτ
∫

d3x′ δ

(
τ − t +

r− r̂ · x′
c

)
J
(
x′
)

Coulomb-like potential on lightlike line from observation point to current

Instantaneous rigid τ-oscillation across spacetime on lightline

Suppression of waves controlled by 1/ωσ
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Simple Antenna in pre-Maxwell Theory
Mass-energy-momentum tensor separating out terms in 1/ωσ

Mass density

T55 =
λ

2c
g55 (Q− Id cos θ)2 S (x, τ)

Mass transfer into spacetime

T50 =
λ

c
c5
c

Q (Q− Id cos θ) S (x, τ) T5 = T50 r̂

Energy density

T00 =
λ

2c

[
(Q + Id cos θ)2 + 2 (Id)2 (1− cos2 θ

)
+ 2g55

( c5
c

)2
Q2
]

S (x, τ)

Energy transfer into space

T0 =
λ

c

[
Id (Q− Id cos θ) ẑ +

(
Id (Id−Q cos θ) + g55

(
Q

c5
c

)2
)

r̂
]

S (x, τ)
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Simple Antenna in pre-Maxwell Theory
Neutral antenna

Charge density

ρ (x) =

{
δ (x) δ (y) ρz (z) , − d

2 ≤ z ≤ d
2

0 , otherwise
ρz (−z) = −ρz (z)

Total charge

Qtotal =
∫

d3x ρ0 (x) +
∫

d3x ρ (x) = Q0 +
∫ d

2

− d
2

dz ρz (z) = Q0

Total event number

N =
∫

d4x j5 (x, τ) = cc5

∫
d3xdt

[
ρ0 (x) + ρ (x) eiωt

]
φ (τ − t) = cc5Q0

Dipole moment
Id d̂ =

iω
c

e
∫

d3x xρ (x) = 2ie kẑ
∫ d

2

0
dz z ρz (z)
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Simple Antenna in pre-Maxwell Theory
Mass-energy-momentum tensor for neutral antenna

Mass density

T55 =
λ

2c
g55 (Q− Id cos θ)2 S (x, τ) −→ λ

2c
g55 (Id)2 cos2 θ S (x, τ)

Mass transfer into spacetime

T50 =
λ

c
c5
c

Q (Q− Id cos θ) S (x, τ) −→ 0 T5 = T50 r̂ −→ 0

Energy density

T00 =
λ

2c

[
(Q + Id cos θ)2 + 2 (Id)2 (1− cos2 θ

)
+ 2g55

( c5
c

)2
Q2
]

S (x, τ)

−→ λ

c
(Id)2

(
1− 1

2
cos2 θ

)
S (x, τ)

Energy transfer into space

T0 =
λ

c

[
Id (Q− Id cos θ) ẑ +

(
Id (Id−Q cos θ) + g55

(
Q

c5
c

)2
)

r̂
]

S (x, τ)

−→ λ

c
(Id)2

(
− cos ẑ + r̂

)
S (x, τ) ⇒ T0 · r̂ = λ

c
(Id)2 sin2 θ S (x, τ)
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Simple Antenna in pre-Maxwell Theory
Mass conservation

Noether current
∂αTα5 = − e

c2 f 5α jα = − e
c2 εµ jµ

Taking 1/ωσ→ 0 and Q = 0

ε̂ 0 = ik
[

c5

c
− g55

c
c5

ε

iωσ

]
Q −→ 0 ε̂ = ik

[
c5

c
Qr̂ − g55

c
c5

ε

iωσ
Idẑ
]
−→ 0

T50 =
λ

c
c5
c

Q (Q− Id cos θ) S (x, τ) −→ 0 T5 = T50 r̂ −→ 0

Conservation of mass∫
d4x ∂αT5α =

1
c5

d
dτ

∫
d4x T55 +

1
c

∫
d4x

∂

∂t
T50 +

∫
d4x ∇ · T5 = − e

c2

∫
d4x εµ jµ

T5α = T5 = εµ = 0 ⇒ d
dτ

∫
d4x T55 = 0
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Simple Antenna in pre-Maxwell Theory
Terms in 1/ωσ for neutral antenna

Fields modified by time constraint

ε̂ 0 = 0 ε̂ −→ −g55ik
c
c5

ε

iωσ
Idẑ

Additional terms in T55 and T5µ field appear as mass density and transfer

Mass density T55 = T55
0 +

λ

2c

(
c
c5

ε

ωσ

)2
(Id)2 C (x, τ)

Mass transfer into spacetime T50 = −λ

c
g55

c
c5

ε

ωσ
(Id)2 X (x, τ)

T5 = T50 (ẑ− r̂)

Energy density T00 = T00
0 +

λ

2c

(
c
c5

ε

ωσ

)2
(Id)2 C (x, τ)

Energy transfer into spacetime T0 = T0
0

Terms in 1/ωσ conserved among themselves

Represent work required to produce (τ − t)-correlated oscillation across spacetime
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