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Background

Covariant canonical mechanics — Stueckelberg (1941), Horwitz and Piron (1970), Horwitz (1989)
8D unconstrained phase space (x#(7), (7))

xt =dxt/dt
@ Coordinate-independent evolution parameter T: [T, x#] =0

Distinguish two aspects of time:

@ Chronological time T determines monotonic ordering of events
@ Coordinate time x0 locates event on laboratory clock
13
dx? A
E=Mi"=M—
dt

Antiparticle: 1% < 0

z(7) = (ud, u)7

Particle: %0 >0

Upgrade nonrelativistic classical and quantum mechanics

. . Evolution parameter T
Newtonian time ¢
+
+ . )
. Poincaré symmetry
Galilean symmetry L
+

W — pt +eat(x, T

Gauge pH — pF +eAt(x) P r (x,7)

Gauge ihdr — ihd + ea®(x, T)
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Background

Stueckelberg-Horwitz-Piron (SHP) electrodynamics

Dynamical U(1) gauge theory of spacetime events

@ Event x# (T) evolves under chronological time T ~ x5, u,v=20,1,23
© x# (1) — a conserved 5D current dyjg(x,T) =0, «,B,v=0,1,23,5

@ j*(x,T) — 10 field strengths f*f(x,T) through pre-Maxwell equations

9 f*f (x,7) = €jg (X, T)  Oufpy + Iy fap+0pfra =0

@ Fields act on events through Lorentz force
M3 (1) = effy (x, 7)3* (7) = e [ ffu (6, T)3" () + f5(x,7)]
@ Particles and fields can exchange mass through

T (-3 M%) = —Mi'sy, = efs, i
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Background

Mass-Energy-Momentum Tensor

Action

" .
S = / dt EMJ'CVXV +/drd4x {—] (x, T)an(x, T) — T {f“ﬁ(x,r)<1>(rfs)faﬂ (x,s)]}
Single particle current
(x,7) = cX*(1)6* (x — X(1))
Current ensemble

e,
Blgf“ﬁxr /ds<p —s) j*(x, ):E]"q‘)(x,s)

de e 1 o
27 14 (EAk)? 26

.dTT,q)(T*T’)q)(Tlfs)Zﬁ(T*S) o(T) =

Noether current
" e .
Ty = =5 f*a [f fF f f(seg“ﬂ}
Integrating with single particle current = total mass of particles and fields conserved

- dT/d‘* T8 = S (X)) Xul(r) — d [CSlM +g55/d4x Tﬂ—o
5

dt
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Background

4-Vector Form

3D Maxwell equations

V.E:g}ozep V-B=0
10 e 10
VxB—Ea—E C] V><E+78—B—0
4D pre-Maxwell equatlons
ecs
Wfo="jp= =2 Py 9 fvp + v fou + 9pfuv =0
avf]’“/ p an H— E]q) anS]l - a]/lfSV + ggfyy =

Wave equation and Green's function
9y + g5 b L) 1B = ajf by
K c2 ot?

1

s~ 59 g apy_ 1
Gp(x,T) = 27Tc5(x )o(T) 5 ax29( 8g558apx"xP) e
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Background

Concatenation — on-shell Maxwell theory ~ equilibrium limit

Equilibrium boundary conditions

Pp(x,T) ———— 0 P x, 1) ————— 0

T—+c0 T+

Integration over worldline

w _ £ 9 s f w(x) = Em
af CSan' o WEM (x) = JI (x)
Oufup + v fou + Opfuv =0 —>f P 9y Fyp + 0y Fop + 0pFyy =0
A = ot (x) =0

where

0= [Tawy  Pe=[Tren rw= [T
Green'’s function

/dr Gp(x,T) = —%J(xz)
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Background

3-Vector Forms

3-vector and scalar components

(e = (b)i=epft (i =fF 0=
3D pre-Maxwell equations

19,

e L0 _Co_ 0 19, _ 10 0_¢s_¢s
V.e careic]‘P*e‘D‘/’ V><e+catb70 V-.e+ 25:€ = o= P
19 19 e, B 551 B
befgg fage—g]q, V-b=0 Vx e—-g arb—O
10 10
0 55
Ve +ca +g C58Te70

Mass-Energy-Momentum Tensor

A A i
Tg)5:£ [e~e<pf€0€%+g55(e~e¢7b~b¢)} T%: - (equ;JrGOe.;p)

gO:ZA—C{e ep +b-be + gs5 (e ep + €' )] TO’_%(eXbcergsse €<I>)i
Tg’?:&e €
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Plane Waves

Sourceless Fields

Fourier Transform

faﬁ(x, 7) = 1 /dSk Eik-xf-zxﬁ(k) _ 1 /d4k dx ei(k~x7k0x0+g5scsm)faﬁ (k, x)

(2m)° (2m)°
K=k = ¢%ks
Sourceless pre-Maxwell equations
k-e—g55K60:0 k-b=0 k-e—ke=0
kxe—kb=0 k x b+ ke — gsske =0
kxe—xb=0 —xe+ke—-ke® =0

Wave equation — 5D mass-shell constraint
kaka _ k2 _ (kO)Z +g55K2 -0
Concatenation —» x =0 — 4D mass-shell constraint

cs5 / dt f*(x,1) = (2;)4 /d4k ¢llkex—kox?) /dK 6 (1) f*P(k,x)
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Plane Waves

Solution

Independent 3-vector polarizations: €| and e

K K 1 1
e = 85575€| €L = 58l e = ok e b= gkxe,

Components of TP
Energy and mass density

00 _ A [ez +g ez} 755 _ < 20
¢ 5L TN k3
Mass and energy flux — Poynting 3-vectors
T5i — T5 _ 7]((1%(1*00 TOi N TO — kEOTOO

Mass — Poynting 4-vector
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Uniformly Moving Charge

Maxwell Current

Rest frame e A e . A
- E(x)=-VA=—_R B(x) = =
(%) TR (x) v IR (x) =V x 0
1 1 e 2
00 _ 1 (g2 p2) _ _ _
T _2<E +5) 2(47‘(R2) T=ExB=0
Uniform Motion

Charge moving as  r = ut = (yct,vBct,0,0) = ettt + 7Btk
Observation point x = (0,4,b,0) = a% + by
Field strengths

E=—¢ % B= ey XXy
47 (a292 + b?)

47 (292 + 12)%?
Poynting vector

Exp_ (1P

————————— (bkx —ay

wr @

Enclose path in cylinder with area element dS = r (cos ¢ + sin¢2) d¢ da
Total energy flux

/(EXB)'ds— —7./027Tc054> dcp./joda %

=0
(4m)? (a2 + b2)°
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Uniformly Moving Charge

pre-Maxwell Current

Potential in rest frame
Event X (1) = (c7,0) X5 (1) = c5T
Current j, (x,7) = (c8® (X) @ (t-7),0)  f(x,7) = %5]'5 (x,7)

Potential a%(x, ) = (t—1R) a(x,7) =0 a(x,1) = C?sao(x, T)

e
1R ?

Retarded time Tgr =t—R/c
Field strengths

—_yl__¢ (2_¢ — _vus=-5

e=—Va 471’R(R C)R € Va Ce
_ 1 a 0 18 5 e C% (P/

b=0 8% Cs5 at” +C8ta T 4nR <g55 Cs5

Handling singularities
p(t) =1/ (28) e T —  Y(0)=0
e-eqp [¢p(T—1) = (R/0)¢ (1 —1)] [0 (T —74) — (R/c)&' (v — 11)] = 9(0)5(0)

Martin Land (IARD 2018) Mass-Energy-Momentum Radiation in SHP June 2018 11 /30



Uniformly Moving Charge

Components of T*

Mass and energy density

2 2
055 _ 4 [ S5, 5 1 e
/dx T A<C2+g )2(4nR2)
1 e 2
0 700 _ 3 s\ 1
[aT /\( 38 )2(4HR2)

Mass and energy flux density into space direction

A 2 e \2¢'(0) 4 c
5_ /A S % _ 0 _ 55 _
= c <g55 c2> (47TR) Res R=0 T =855 ¢ =0

Mass flux density into time direction

2
/dx0T5°:AC£< "’2)
¢ \4nR
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Simple Antenna in Maxwell Theory

Current and potential (cf: Jackson, ch. 9)
Oscillating current density

J(x,t) =J (x) et V. -J+iwp =0

— ¥/ P
/d3 /dt/ 7 (t—t’—l—'x Cx|)J(X/)Elwt

. ik|x—x'| . 2
_ lwt 3/61 AN iwt _ﬂ_ T
= ¢ 47[/dx |x — /| J() = AGge ’ k_c_

Vector potential

Far field approximation

Dipole approximation
efik\xfx’| _ efik(rff"x’) ~ o ikr

zwp = Idd

e—ikr
1w/d3x x'p (x

e—zkr

A(x) =

/de’](x’): — /d3x’x V=4

47y
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Simple Antenna in Maxwell Theory

Fields and Poynting vector

Magnetic field

Id e ikr 1 A wk e~ ikr
B = A= — —k 1 % haddd ~ N
VX 471(1) (+ )er 1/kr ~A/r =0 41 7 TP

Electric field

_ 1 1 (e R 1 ik g
EWVXBM<’< . (rxp)xr+[3r(r-p)—p]<r—3+r—2e

kZ efikr

1/ < 1/r 4m
Take d = 2 = cos® fi —sin6 @

k e—ikr R k e—ikr N k 2 1d)?
:Ziner sinf ¢ E:%er sin 00 EXB*:(E) (i) sin? 6 ¢
Radiated power

/erZA-[( B><>><B] z/zn 4>/ <*\pl) SlnG_k21(21i)2

Martin Land (IARD 2018) Mass-Energy-Momentum Radiation in SHP June 2018 14 / 30



Simple Antenna in pre-Maxwell Theory

Pre-Maxwell current

Carry over approximation from Maxwell current J (x)

P = [Joacgrouns ) +1° (06 ¢ (r = 1)

(67 = Jep (1)

P = 2P0 =2 Jackgroma ) + 10 ()] ¢ (1)
Relationship of t and T
PO = e T g =0 [arpm=1 ¢ ="y

Background density p insures positive charge and event densities
12 (5 7) = [ Backgrouns (¥) + 12 (€] 9 (= 1) = ¢ [pg (x) +p (x) '] ¢ (T 1)

P (01) =210 (1,7) = 5 [0 (%) +p () ] ¢ (r — 1)
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Simple Antenna in pre-Maxwell Theory

Applying Maxwell approximation to pre-Maxwell current

Maxwell current for collection of oscillating charges: X, (1) = (ct (1) ,anei“”>
T (x, 1) Z/dr Xy (1) 6% (x — Xy (7 Z/d*{ iw a,e" %8 (ct — 1) 8° (x — anei“”)
= [2 ik a,0° (x — anei“’t)

n

. 1 . .
et ~ / dt ¥ ik a,8° (x — age’@t) | et
L (s e

| 160

Requirements for 5D pre-Maxwell current

7 (x,T) must be non-negative event density in spacetime
19 1d :
" 5 Ay 5= [ dix o, it =
Iyuj +car] — /dx] /dxay] 0
f(x,7) = X0 (1) 6* (x = X (1)) = ¢5 6" (x = X (1)) 2 0

7% (x,T) must be non-negative because /% (x,7) <0 = <0 = antiparticle
P (x,7) = i (1)8* (x - X (1))
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Simple Antenna in pre-Maxwell Theory

Current conservation

Conserved 5D current
fPxT) =S (xT) = B(xT)=0
Background density p,(x) independent of t and T

Py +§%f =0 () S [() o (r =] + VT (x) g (x— )
Fp(x)E Lp(r—1)
— itp (x) € (T — 1) — p (x) g (z — 1)
VT (0l (T— 1) +p (x) ! (7 1)

= liwp (x) + V- T (x)] ' (v — 1)

p (x) and J (x) related as in Maxwell theory ikp — 1dd

p(x) = in-] /d?’x] /dexV]— /d3xxep x)
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Simple Antenna in pre-Maxwell Theory

Total charge and current

Spacetime integral

QD) =5 [dx [ (xr) = 5 [dtxcfpg () +o ()| g (x—1)

:/d3xpo(x)/dt4>(r—t)+e/d3xp(><)/df e (-

1

Using

p(t—1t)= Z—Ue_h_t‘/” = d—w(b (w) (Tt /dT p(t—1t)=

21
Total charge = background + oscillating charge

Q (1) :e/d3x pO(x)+e/d3xp(x) @ (w) T = Qp+Q P (w)ewT

where 1
q’(w):m P(X):—EV J(x)
Total current — oscillating dipole
T) = /d4x eJ (x) et (T —t) = c® (w) T /d3x eJ (x) = iwe @ (w) T p
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Simple Antenna in pre-Maxwell Theory

Induced potential

Using dominant term G pjaxwell = fﬁé(xz)é(r) in Green's function

e [ 3 1 . Ix — x'|
(o) =7 [ v Rl (C <t‘ o )T

/ /!
3,/ -~ x — x|
(x,T —e/d 747r|x /|4)<T t+ : >

x|

jw (=11 —x/
+e/d3’7xe (-2 )¢<T_t+lxcxl)

7T |x = x|

a(xT) = S /dsxl L;‘%p@)q} (T t |xx,|)

47 |x — X/| c

@ (x,7) = CSaO (x,T)
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Simple Antenna in pre-Maxwell Theory

Far field and dipole approximations

In far field

x = rf — |x—x/‘:\/r2+(x’)2—27f~x’zr—f‘~x/

Dipole approximation — antenna small compared to oscillation wavelength

27td Ry —f-x d
[ke-x| < ki = == < 1= X > %:E(pf&’;):z
Potentials
0 ~_ £ _ r 3. N € iwt —ikr _ r 3.7 /
a (x,r),4m¢<‘r t+c)/dx pO(x)+4me e qb(r t+c>/dx p (x)
Qo Q

_ Qo Q  itkr—wt) T

747‘[1’+47U’e (P(T t+c)
a(X,T)Z 7zkr 1wte/d3 / / T—t+ )

ik g 7 5 _ G5 g

=P (p(r t+c> a’ (x,7) = o7 (x,7)

Martin Land (IARD 2018) Mass-Energy-Momentum Radiation in SHP

June 2018

20 / 30



Simple Antenna in pre-Maxwell Theory

Field strengths

Using , e (x) 1 1 .~
Defining J—— .
x(xT) = 47y ¢(T_t+7)
Field strengths
~ ~ . € . A
b=Vxa=by b—fzkld(lJr@)rxd

Martin Land (IARD 2018)
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Simple Antenna in pre-Maxwell Theory

Dimensionless parameters

Speeds of light

c . .
O =ct, x° = c5T — ?5 < 1 = ratio of rates of change in T and ¢t
Time scales
elwt (1) = iefh\/g N 1 T _ antenna period

20 wo 210 correlation time

Orientation of antenna

d=2 — #-d =cosf
Polarizations
€ ~ ik (Qt — Id2) b~ —ikld # x 2
0 _ . l¢cs c ¢ .
~ ik | — — g55—— ~i — 55— d2
€ ! {c gSSC5in]Q € Qr g55c iwo
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Simple Antenna in pre-Maxwell Theory

Bilinear terms in mass-energy-momentum tensor

Common spacetime dependence

Bilinear field combinations

o — % {f'”fy Py if‘sff&g“ﬁ] — Re[(A*+iB%) x| xRe[(CP+iDF);]

Designate
p(t—t+1L) ?
S(X,T) :k2 <4m/c> sin2 (krfwt) 1
S,C X~ —
p(t—t+1) 2 '
VR i S SO NY-D A 2 (kr —
Cx,7)=k ( 4y > cos” (kr — wt) Finite surface
integrals at large r

A 2
X (x,7) =k (W) 2sin (kr — wt) cos (kr — wt)
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Simple Antenna in pre-Maxwell Theory

Mass-energy-momentum tensor

T = % {355 (Q—1Id cos6)S (x,7) + (éi)z ((Iﬂl)2 - QZ) C(x,71)

~gw——Q(Q-1d COSG)X(X,T)}

T = [Q%(Qfld c0s8) S(x,r)+g55£$1d(1d7Q cos8) X(x,T)]

[g55—5 14]Q — Id cos6] X (x, r)] 2
2 [gw S = (1P - @) X(x7)+ £QQ- 12 (cos0)) S ()] ¢
T = % [(Q-Hd c0s6)” +2 (1d)* (1 - (cos ) )+2gss( ) Qz] (x,7)
+% {(é&)z (1) + @ ¢ (x,7) - &Q[Q—Hd cos9]X(x/T)}
T = % [Id(Q—Id cos6) § (x,7) ~ QI (X(x,r)+g55éC(x/T)>] 2

+% Hld(lde cos0) + gss (Q%Y}S(x,'f)*Qzﬁ X(X’T)] R

Martin Land (IARD 2018) Mass-Energy-Momentum Radiation in SHP

June 2018

24 /30



Simple Antenna in pre-Maxwell Theory

Correlation of t and T

Time structure 1
) = —ITtl/e
p(r—1)=5-¢

Imposes correlation T—t~C
Strong correlation lim ¢(t—t)=d6(t—t) = t=r7
oc—0
Weak correlation o — large = t— T ~ evenly distributed

Potential under strong correlation
— o [ s ((x=x)P =& (1)) J(K) &6 (1)
_ L iwT 3./ 1 _ [x — x| ,
747rce /dx |X_x,|§(r b+ ] (x)
)

3./ —i-x /
4m'c /dxé( )](x

Coulomb-like potential on lightlike line from observation point to current

Instantaneous rigid T-oscillation across spacetime on lightline
Suppression of waves controlled by 1/wo
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Simple Antenna in pre-Maxwell Theory

Mass-energy-momentum tensor separating out terms in 1/wo

Mass density

T35 = %g% (Q—Id cos8)?S (x,7)

Mass transfer into spacetime

_Acs

T50 ; Q(Q—1Id cosb) S(x,71) T5 — 750 %

Energy density

T = % {(Q—i— Id cos6)? +2 (I1d)? (1—cos?0) + 2g55 (%S)ZQZ] S (x,7)

Energy transfer into space

T = % {Id(Q —Id cosf) 2+ (Id(ld —Q cosb) + gs5 (Q%S)Z) f} S(x,7)
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Simple Antenna in pre-Maxwell Theory

Neutral antenna

Net Charge =2Q Net Charge =0
Current Current
Source Source

Charge density
56w, (z) , ~f<z<
p(x) = { : :

0 , otherwise

NI

P, (—2) = —p, (2)
Total charge ,
Qtotal = /dsx po (x) + /d3x p(x)=Qo+ /jg dz p. (z) = Qo
Total event number
N = /d4x j5 (x,T) = ccs /dedt [Po (x) +p (x) eiwt] ¢ (T —1t) = ccsQo

Dipole moment . iw ¢
Idd = Te/d%cxp(x) :Zieki/ dz z p, (z)
0
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Simple Antenna in pre-Maxwell Theory

Mass-energy-momentum tensor for neutral antenna

Mass density

A A
T5 = ZgSS (Q—1Id cos8)?S (x,7) — Zg55 (1d)? cos? 0 S (x,T)
Mass transfer into spacetime
A
T50:;%5 (Q—1Id cos8) S(x,7) — 0 TP=T9% — 0
Energy density

A

T = 2 {(Q—i— Id cos6)? +2 (I1d)* (1—cos?0) + 2g55 (%S)ZQZ] S (x,7)

— % (1d)* (1 - %C052 9) S (x,7)
Energy transfer into space
o_ A 5 c5\2\ .
T = - I1d(Q—1d cos®) 2+ | Id (Id — Q cosf) + gs5 (Q?) | S(x,T)

— %(Id)2 (fcos 2+f)5(x,r) = To-f':%(ld)2 sin?6 S (x,T)
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Simple Antenna in pre-Maxwell Theory

Mass conservation

Noether current e
aaT“S fSa]a _ _7614]-’4

Taking 1/wo — 0and Q=0

c a5 e
=ik {——gasE@]Q — 0 € =ik ch g55C5 szIdZ — 0
A
T50——CC5Q(Q—Id c0s8) S(x,7) — 0 TP=T9% — 0

Conservation of mass
/d4xaaT5"‘: /d4 e /d4 T5°+/d4xv T - -5 [dixer,

T =T =¢'=0 = %/d4xT55:0
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Simple Antenna in pre-Maxwell Theory

Terms in 1/wo for neutral antenna

Fields modified by time constraint

~0 . L& .
=0 — —gssitk——1d
€ € g551 o5 iwo z
Additional terms in T? and T°" field appear as mass density and transfer
Afc e\?
: 55 _ 755 2
Mass density ™ =T + % (E E) (Id)=C (x,7T)
Mass transfer into spacetime 750 = f§g55£i (1d)?* X (x,7)
c® s wo !

Afc e\? 2
Energy density TO =T + — (—*) (Id)"C (x,7)

: : 0 _ 10
Energy transfer into spacetime ™ =T,

Terms in 1/wo conserved among themselves

Represent work required to produce (T — f)-correlated oscillation across spacetime
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