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Stueckelberg-Horwitz-Piron (SHP) Formalism

Electrodynamics
Maxwell's equations
Manifest covariance
9y FMV (x) = eJH(x)
Mt = eFH (x)xy

Pair creation/annihilation

E=p"=Mx"<0

Covariant canonical dynamics

_p-eARP
K=F—p TVl

T-dependent gauge field
Au(x) — au(x, 1)

V(x) — —eas(x, 1)
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Einstein

Minkowski & Fock

Stueckelberg

Horwitz & Piron

Horwitz, Sa'ad,
Arshansky, Land

Parameterized Local Metric

Relativity
Lorentz group
Tensor formulation
xt = dxt/ds
ds? = —11,,, dxt'dx"
External evolution parameter
Xt =dxt/dt
ds? = —x%(7)d7?
Unconstrained phase space
e 871( Pu = _aiK

py # oxH
Evolving block universe

M = M(7)

d
e (particle + field masses) =0
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Stueckelberg-Horwitz-Piron (SHP) Formalism

Covariant canonical mechanics with parameterized evolution

8D unconstrained phase space = T # proper time

v
T odr

Canonical electrodynamics with scalar Hamiltonian (K = total mass)

xt(t), (1) xH Auv,...=0,1,2,3

1 d oL oL
= — MV -1 — _
L 2Mg}”,(x)x X +extay(x,7) +eas(x, T) 0 37 o
K = [p B EH(X, THZ o oK . oK

—as(x,T) i =—

oM “ops T Tow

Want pseudo-5D metric that describes T-evolution of spacetime

L= %Mgaﬁ(x, 7) %% P %,B,7,6=0,1,2,35 1 =csT
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SHP — Geometry and Evolution

4D block universe M(T) at each T
Physical event x#(T) in SHP

Irreversible occurrence at time T
x#(Ty) occurs after x#(17)
T >T = x#(T2) cannot change x#(t1)
No grandfather paradox
Evolution

4D block universe M (T) occurs at T

Infinitesimally close 4D block universe M (T 4 dT) occurs at T+ dt

M(71) M(t+dT)

Hamiltonian K generates evolution in T

scalar K

=—> No conflict with general diffeomorphism invariance
external T
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Geometry and Trajectory

Standard approach to motion in general relativity

Two neighboring events in spacetime manifold M (instantaneous displacement)
Interval 6x2 = g, 6xHéx¥ = (x3 — x1)?
Invariance of interval — geometrical statement about M
Trajectory
Map arbitrary parameter { to sequence of events x#({)
Timelike interval between any two events = take { — s (proper time)
4D block universe M
Trajectory — sequence of instantaneous timelike displacements
“Motion" appears as displacements in xo(s)

Path length — Lagrangian

Sx? = Suvdxtox’ = gw,x?‘x"ész g=(—++4)
—— 1 1l
Lconstrained = LV _gyl/xﬂxv Lynconstrained = 2 g;wxyxv
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Geometry and Evolution

Pseudo-5D metric
Two neighboring events:
(1) € M(1) (T4 91) € M(T+7)
Distance
dxt = (T 4 01) — x# (1) >~ (1) + (7)1 — x¥(T) = oM + XMoT
Squared interval (referred to x coordinates)
dx? = gy 0xH5x" + g X OXVOT + gu A V6T = gup (x,T) Ox"6xP
«,=0,1,2,3,5

Contributions to interval
Suv OxMéx
Geometrical interval between two events at T

Symmetries of spacetime manifold M

955 Sx38x°

Dynamical interval between events in M(T) and M (T + J7)

Symmetries of evolution generated by Hamiltonian K
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Example in space

Particle in 2D space — expanding disk with radius R(7) = 54

Points on expanding disk

q1 = R (1) (cos@,sin6) q2 = Ry (12) (cos 67, sin 0;)
Distance X )
dq=q2—q1 ~ (0R+6:R (7)) R+ R0 6
Geometrical distances: 60 =6, — 6 0R = Ry(t) — R(71)
Dynamical distance: J:R(7) = R(7p) — R(7) = gTé7T

Interval
dq? = 6R? + R260% + >1267% + 29TORT = §,,00°6C"
Pseudo-3D metric

1 0 1
37 = (R, 66,67) g=|0 R 0
1 0 gt
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Example in space

Equations of motion

Lagrangian

L= %Mgab(:“gh =1M (R2 LR+ 2¢TR + gzrz)

0= MR+ g7) — MR )
dt . ¢
0= — (MR*) — MR*) =/

dt

Qualitative result
Particle at edge of disk sees force F = 02/ MR3 — Mg

) 3 Particle moves at edge of disk
Mg > {*/MR°> = ) o
As if attracted by gravitational force

Appears as “external” force
Fp=-Mg — : .
Enters through evolution of circular geometry
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Canonical Mechanics in General 5D Spacetime

Lagrangian

L= %Mgmg(x”,JCS)J'C”‘J'C/3 Au,v=0,1273 a,pB,v=0,1,273>5

Euler-Lagrange — geodesic equations

Dx7 " 1
= 7DT =i7 + rZﬁx“xﬁ ]_"Zﬁ — Eg'ﬂs (aﬂégéﬁ + aﬂgétx _ aég‘Bg()
Canonical momentum
JL . 1
Pa =g = Mgt — it = e
Conserved Hamiltonian
1 dK DxP
= X — = —_— tX‘B - = WX T —

K=x"py,—L 2Mg PaPp I Mgaﬁx Dt 0

Poisson bracket IK 9K 1 ag"‘ﬂ

?_{K }+BT ZMP‘XP/B ot =0
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Break 5D symmetry — 4D-+1

Fix non-dynamical scalar x° = c57

L= %Mgaﬁ(x, T)J'c”‘fcﬁ = %Mgw(x, T) xMxV + %Mcé g55(x, T)

Euler-Lagrange — geodesic equations

8 o oA eo T i
0= Di* P +F%75c/55ﬂ R ¥t + T 27 + 2e505,27 + c5055 = 0
bt 5(.:5 = (5 = 0
Symmetry-broken connection
Fz/g = %gﬂv (aﬁgwx + aagvﬁ — ng,x;;) Fiﬁ =0

Hamiltonian
K= pui — L = 558" pupy — 3Mc3 855

dK oK
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Non-thermodynamic dust
Number of events per spacetime volume = n(x)
5-component event current = j* (x, T) = p(x)x*(7) = Mn(x)x*(T)

Continuity equation
Vaj* = V' + 900 = 9yt + T, + °Th, +9:p =0
Mass-energy-momentum tensor
THY — oxb iV
VT =0 T = px*xP — 2 ,
T5,B = C5]‘B

Einstein equations
1 81tG
Gap = Rap — 5R8up = —5 Tup

VﬁG“ﬁ =0 requires R,p calculated with
Fzﬁ — %gﬂv (aﬁgm + a,xgwg — avg,,‘ﬁ) Fgﬁ =0
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Ricci Tensor

Separate
A 5
R”‘/8 = RZ/S’y = Rlxﬂ)\ + Raﬁ5
: 5
Discard Faﬁ

4D
Ry = (Rw)
1
Rys = garrﬁ)\ — s + T55T0) = T T0s

1
R55 = aarré/\ - a/\rg\S + r§5rg/\ o rt/fx)tr%
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Newtonian Approximation

‘Unperturbed’ system

Low energy velocity
dt dx .
¥\ = (c—,— | ~ct(1,0
* <ch'dT> ¢t (1,0)
Weak field approximation g, = Ny + hyy with dohyy =0

Too = —38" oo Thy= 58" 0chw  Ti5 = —38"duhss

Equations of motion

F= (aTho()) f X = %Czi:z V”l()o + %C% Vh55
d*x  Hd’x .dx Px 1, 1[1, Ldx
a2 =f iy + (9zho) ta — T = EC Vhyo + ) |:§C5Vh55 (9chgo) I

‘Unperturbed’ system

Vhss = dthgg =0 Newtonian potential hoo — 0
r—00

(%M
800 = 2
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Newtonian Approximation

Toy model perturbation: 7-dependent mass M = M(7)

Small mass shift AM(T) over time AT

= eyt = 4 1o (58T 26 81
Equations of motion
Plane polar coordinates with Vg5 = 0
r—¢+2§df -5 e+ 2 =0
t r rd c? dt
¢ = Mr?$ not conserved
2GdM d GM

Neglectlngcp — 74 2 ar dt(lnr):——

Newtonian gravitation with dissipation
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Extended Spherical Solution

Metric g.s
Line element ds® = g,xﬂdx“dxﬁ

ds* = —c*B (r,T) dt* + A (r,T) dr* + 1?d6? + sin? 0dp? + c2Q (1, 7)
Lagrangian (taking 6 = 71/2)

L— % [—CZB (r, 1) 2+ A (r, 1) * + 29" + 2Q (r, T)]

New non-zero components of FZﬁ and Ryg: Fgo, F%5, FéS, Ros, R15, Rs5

Extend Schwarzschild

B(r,T)zAfl(r,T):l—ZG%z(T) Q:1<1_GA:ICZ(T)>

Flow of mass — non-zero Einstein tensor

1 8nG aM
GIXIB = RtXﬁ — ERng:B = CTT‘Xﬁ x G

dt M — constant
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Extended Spherical Solution

Equations of Motion

Euler-Lagrange — geodesic equations

9,8, B 1 P P
BA 2 1 BB . a‘r zlarQ
2 A +2 Al A 9 A T527A
Combining
d 1 21 .2 ]2 2 .2 2
E§<_C E"‘Ar +r7_C5Q ——77‘ aTA—7C58-rQ

Hamiltonian K

K#0 — particle mass exchanged with g, through M = M(7)
Static gup

0:A=09:Q=0 = M=constant = K=0

/ dr
T =
\/cz + (K=J2/r2 4+ c2Q(r)) B(r)

Radial solution
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Slides and preprints: http://cs.hac.ac.il/staff/martin
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