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Stueckelberg-Horwitz-Piron (SHP) Formalism

Electrodynamics Relativity

Maxwell’s equations −−−−−−−−−−−−−→
Einstein

Lorentz group

Manifest covariance ←−−−−−−−−−−−−−
Minkowski & Fock

Tensor formulation

∂νFµν(x) = eJµ(x) ẋµ = dxµ/ds

Mẍµ = eFµν(x)ẋν ds2 = −ηµνdxµdxν

Pair creation/annihilation −−−−−−−−−−−−−→
Stueckelberg

External evolution parameter

E = p0 = Mẋ0 < 0 ẋµ = dxµ/dτ

ds2 = −ẋ2(τ)dτ2

Covariant canonical dynamics ←−−−−−−−−−−−−−
Horwitz & Piron

Unconstrained phase space

K =
[p− eA(x)]2

2M
+ V(x) ẋµ =

∂K
∂pµ

ṗµ = − ∂K
∂xµ

τ-dependent gauge field −−−−−−−−−−−−−→ Evolving block universe

Aµ(x) −→ aµ(x, τ) M→M(τ)

V(x) −→ −ea5(x, τ)
d

dτ
(particle + field masses) = 0

Horwitz, Sa’ad,
Arshansky, Land
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Stueckelberg-Horwitz-Piron (SHP) Formalism
Covariant canonical mechanics with parameterized evolution

8D unconstrained phase space =⇒ τ 6= proper time

xµ(τ), ẋµ(τ) ẋµ =
dxµ

dτ
λ, µ, ν, . . . = 0, 1, 2, 3

Canonical electrodynamics with scalar Hamiltonian (K = total mass)

L =
1
2

Mgµν(x)ẋµ ẋν + e ẋµaµ(x, τ) + e a5(x, τ) 0 =
d

dτ

∂L
∂ẋµ −

∂L
∂xµ

K =
[p− ea(x, τ)]2

2M
− a5(x, τ) ẋµ =

∂K
∂pµ

ṗµ = − ∂K
∂xµ

Want pseudo-5D metric that describes τ-evolution of spacetime

L =
1
2

Mgαβ(x, τ)ẋα ẋβ α, β, γ, δ = 0, 1, 2, 3, 5 x5 = c5τ
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SHP — Geometry and Evolution
4D block universeM(τ) at each τ

Physical event xµ(τ) in SHP

Irreversible occurrence at time τ

τ2 > τ1 =⇒


xµ(τ2) occurs after xµ(τ1)

xµ(τ2) cannot change xµ(τ1)

No grandfather paradox

Evolution

4D block universe M(τ) occurs at τ

Infinitesimally close 4D block universe M(τ + dτ) occurs at τ + dτ

M(τ) −−−−−−−−−−−−−−−−−−−−−−−−−→
Hamiltonian K generates evolution in τ

M(τ + dτ)

scalar K

external τ

}
=⇒ No conflict with general diffeomorphism invariance
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Geometry and Trajectory
Standard approach to motion in general relativity

Two neighboring events in spacetime manifold M (instantaneous displacement)

Interval δx2 = gµνδxµδxν = (x2 − x1)
2

Invariance of interval — geometrical statement about M
Trajectory

Map arbitrary parameter ζ to sequence of events xµ(ζ)

Timelike interval between any two events ⇒ take ζ → s (proper time)

4D block universe M
Trajectory — sequence of instantaneous timelike displacements

“Motion” appears as displacements in x0(s)

Path length −→ Lagrangian

δx2 = gµνδxµδxν = gµν ẋµ ẋνδs2 g = (−,+,+,+)

Lconstrained =
√
−gµν ẋµ ẋν Lunconstrained = 1

2 gµν ẋµ ẋν
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Geometry and Evolution
Pseudo-5D metric

Two neighboring events:

xµ(τ) ∈ M(τ) x̄µ(τ + δτ) ∈ M(τ + δτ)

Distance

dxµ = x̄µ(τ + δτ)− xµ(τ) ' x̄µ(τ) + ˙̄xµ(τ)δτ − xµ(τ) = δxµ + ˙̄xµδτ

Squared interval (referred to x coordinates)

dx2 = gµνδxµδxν + gµν ˙̄xµδxνδτ + gµν ˙̄xµ ˙̄xνδτ2 ' gαβ (x, τ) δxαδxβ

α,β=0,1,2,3,5

Contributions to interval

gµν δxµδxν

Geometrical interval between two events at τ

Symmetries of spacetime manifold M
g55 δx5δx5

Dynamical interval between events in M(τ) and M(τ + δτ)

Symmetries of evolution generated by Hamiltonian K
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Example in space
Particle in 2D space — expanding disk with radius R(τ) = 1

2 gτ2

Points on expanding disk

q1 = R (τ) (cos θ, sin θ) q2 = R2 (τ2) (cos θ2, sin θ2)

Distance
dq = q2 − q1 ≈ (δR + δτ R (τ)) R̂ + Rδθ θ̂

Geometrical distances: δθ = θ2 − θ δR = R2(τ)− R(τ)

Dynamical distance: δτ R (τ) = R (τ2)− R (τ) = gτδτ

Interval
dq2 = δR2 + R2δθ2 + g2τ2δτ2 + 2gτδRδτ = gabδζaδζb

Pseudo-3D metric

δζ = (δR, δθ, δτ) g =

 1 0 1
0 R2 0
1 0 gτ
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Example in space
Equations of motion

Lagrangian

L = 1
2 Mgab ζ̇

a
ζ̇

b
= 1

2 M
(

Ṙ2 + R2θ̇
2
+ 2gτṘ + g2τ2

)
0 =

d
dτ

M
(

Ṙ + gτ
)
−MRθ̇

2

0 =
d

dτ

(
MR2θ̇

)
−→ MR2θ̇ = `

 −→ MR̈ =
`2

MR3 −Mg

Qualitative result

Particle at edge of disk sees force F = `2/MR3 −Mg

Mg > `2/MR3 =⇒
Particle moves at edge of disk

As if attracted by gravitational force

FR = −Mg −→
Appears as “external” force

Enters through evolution of circular geometry
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Canonical Mechanics in General 5D Spacetime

Lagrangian

L =
1
2

Mgαβ(xµ, x5)ẋα ẋβ λ, µ, ν = 0, 1, 2, 3 α, β, γ = 0, 1, 2, 3, 5

Euler-Lagrange −→ geodesic equations

0 =
Dẋγ

Dτ
= ẍγ + Γγ

αβ ẋα ẋβ Γγ
αβ =

1
2

gγδ
(
∂αgδβ + ∂βgδα − ∂δgβα

)
Canonical momentum

pα =
∂L
∂ẋα

= Mgαβ ẋβ −→ ẋα =
1
M

gαβ pβ

Conserved Hamiltonian

K = ẋα pα − L =
1

2M
gαβ pα pβ

dK
dτ

= Mgαβ ẋα Dẋβ

Dτ
= 0

Poisson bracket
dK
dτ

= {K, K}+ ∂K
∂τ

=
1

2M
pα pβ

∂gαβ

∂τ
= 0
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Break 5D symmetry −→ 4D+1

Fix non-dynamical scalar x5 ≡ c5τ

L = 1
2 Mgαβ(x, τ)ẋα ẋβ = 1

2 Mgµν(x, τ) ẋµ ẋν + 1
2 Mc2

5 g55(x, τ)

Euler-Lagrange −→ geodesic equations

0 =
Dẋα

Dτ
= ẍα + Γα

βγ ẋβ ẋγ −→

 ẍµ + Γµ
λσ ẋλ ẋσ + 2c5Γµ

5σ ẋσ + c2
5Γµ

55 = 0

ẍ5 = ċ5 ≡ 0

Symmetry-broken connection

Γµ
αβ = 1

2 gµν
(
∂βgνα + ∂αgνβ − ∂νgαβ

)
Γ5

αβ ≡ 0

Hamiltonian
K = pµ ẋµ − L = 1

2M gµν pµ pν − 1
2 Mc2

5 g55

dK
dτ

=
∂K
∂τ

= − 1
2 Mẋµ ẋν ∂τ gµν − 1

2 Mc2
5 ∂τ g55
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Matter

Non-thermodynamic dust

Number of events per spacetime volume = n(x)

5-component event current = jα (x, τ) = ρ(x)ẋα(τ) = Mn(x)ẋα(τ)

Continuity equation

∇α jα = ∇µ jµ + ∂τρ = ∂µ jµ + jλΓµ
λµ + j5Γµ

5µ + ∂τρ = 0

Mass-energy-momentum tensor

∇βTαβ = 0 Tαβ = ρẋα ẋβ −→
{

Tµν = ρẋµ ẋν

T5β = c5 jβ

Einstein equations

Gαβ = Rαβ −
1
2

Rgαβ =
8πG

c4 Tαβ

∇βGαβ = 0 requires Rαβ calculated with

Γµ
αβ = 1

2 gµν
(
∂βgνα + ∂αgνβ − ∂νgαβ

)
Γ5

αβ ≡ 0
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Ricci Tensor

Separate
Rαβ = Rγ

αβγ = Rλ
αβλ + R5

αβ5

Discard Γ5
αβ

Rµν =
(

Rµν

)4D

Rµ5 =
1
c5

∂τΓλ
µλ − ∂λΓλ

µ5 + Γλ
σ5Γσ

µλ − Γλ
σλΓσ

µ5

R55 =
1
c5

∂τΓλ
5λ − ∂λΓλ

55 + Γλ
σ5Γσ

5λ − Γλ
σλΓσ

55
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Newtonian Approximation
‘Unperturbed’ system

Low energy velocity

ẋ =

(
c

dt
dτ

,
dx
dτ

)
' cṫ (1, 0)

Weak field approximation gµν = ηµν + hµν with ∂0hµν = 0

Γµ
00 = − 1

2 gµν∂νh00 Γµ
50 = 1

2c5
gµ0∂τh00 Γµ

55 = − 1
2 gµν∂νh55

Equations of motion

ẗ = (∂τh00) ṫ ẍ = 1
2 c2 ṫ2 ∇h00 +

1
2 c2

5 ∇h55

d2x
dτ2 = ṫ2 d2x

dt2 + (∂τh00) ṫ
dx
dt
−→ d2x

dt2 =
1
2

c2∇h00 +
1
ṫ2

[
1
2

c2
5∇h55 − (∂τh00) ṫ

dx
dt

]
‘Unperturbed’ system

∇h55 = ∂τh00 = 0 Newtonian potential h00 −−−−−−−→r→∞
0

g00 = −
(

1− 2GM
rc2

)
Martin Land (STARS 2019) Parameterized Local Metric May 2019 13 / 17



Newtonian Approximation
Toy model perturbation: τ-dependent mass M = M(τ)

Small mass shift ∆M(τ) over time ∆τ

ẗ = (∂τh00) ṫ =
2GṀ

rc2 ṫ −→ ṫ = exp
(

2G ∆M(τ)

rc2

)
≈ 1 +

2G ∆M
rc2

Equations of motion

dv
dt

+ v
2G
rc2

dM
dt

= −GM
r2 r̂ +

1
2

c2
5

(
1− 4G ∆M

rc2

)
∇h55

Plane polar coordinates with ∇h55 = 0

r̈− rφ̇
2
+

2G
rc2

dM
dt

ṙ = −GM
r2

1
r

d
dt
(
r2φ̇
)
+

2G
c2

dM
dt

φ̇ = 0

` = Mr2φ̇ not conserved

Neglecting φ̇
2 −→ r̈ +

2G
c2

dM
dt

d
dt
(ln r) = −GM

r2

Newtonian gravitation with dissipation
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Extended Spherical Solution
Metric gαβ

Line element ds2 = gαβdxαdxβ

ds2 = −c2B (r, τ) dt2 + A (r, τ) dr2 + r2dθ2 + sin2 θdφ2 + c2
5Q (r, τ)

Lagrangian (taking θ = π/2)

L =
1
2

[
−c2B (r, τ) ṫ2 + A (r, τ) ṙ2 + r2φ̇

2
+ c2

5Q (r, τ)
]

New non-zero components of Γµ
αβ and Rαβ: Γ0

50, Γ1
15, Γ1

55, R05, R15, R55

Extend Schwarzschild

B(r, τ) = A−1(r, τ) = 1− 2GM(τ)

rc2 Q =
1
r

(
1− GM (τ)

rc2

)
Flow of mass −→ non-zero Einstein tensor

Gαβ = Rαβ −
1
2

Rgαβ =
8πG

c4 Tαβ ∝ G
dM
dτ
−−−−−−−−−−−→

M → constant
0
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Extended Spherical Solution
Equations of Motion

Euler-Lagrange −→ geodesic equations

0 = ẗ +
∂rB
B

ṙṫ +
∂τ B

B
ṫ −→ ṫ =

1
B

0 = φ̈ + 2
1
r

ṙφ̇ −→ φ̇ =
J

r2

0 = r̈ +
1
2

∂r A
A

ṙ2 +
1
2

c2 ∂rB
A

ṫ2 − 1
A

rφ̇
2 +

∂τ A
A

ṙ− c2
5

1
2

∂rQ
A

Combining

d
dτ

1
2

(
−c2 1

B
+ Aṙ2 +

J2

r2 − c2
5Q
)

Hamiltonian K

= −1
2

ṙ2∂τ A− 1
2

c2
5∂τQ

K̇ 6= 0 −→ particle mass exchanged with gαβ through M = M(τ)

Static gαβ

∂τ A = ∂τQ = 0 ⇒ M = constant ⇒ K̇ = 0

Radial solution τ =
∫ dr√

c2 +
(
K− J2/r2 + c2

5Q(r)
)

B(r)
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Thank You
For Your
Patience

Slides and preprints: http://cs.hac.ac.il/staff/martin
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